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Abstract 

We prove the growth rate of global solutions of the equation ut 
M"" X (0, oo), u{x, 0) = uq > in M", where > is a constant. More precisely 
for any < uq G C(M") satisfying Ai{l + < uq < ^2(1 + \x\'^T' 

in R" for some constants + v) < ai < 1, a2 > ai and A2 > Ai = 
(2ai(l - e)(n + 2ai - 2))"^/(^+'') where < e < 1 is a constant, the global 
solution u exists and satisfies + |2;p + 6it)"i < u{x,t) < yl2(l + |x|2 + 62t)"2 
in X (0,00) where 61 = 2(n + 2ai - 2)e and 62 = 2n if < 02 < 1 
and 62 = 2(n + 2^2 - 2) if 02 > 1. When < uq < A{Ti + in 

for some constant < ^ < ((1 + u)/2ny^^^'^'^\ we prove that u{x,t) < 
A{b{T -t) + in x (0, T) for some constants 6 > and T > 0. 

Hence the solution extincts at the origin at time T. We also find various 
other conditions for the solution to extinct in a finite time and obtain the 
corresponding decay rate of the solution near the extinction time. 
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Introduction 

In this paper we will study the growth rate of global solutions and behaviour near 
extinction time of the solution of the following Cauchy problem 

Ut =Au - u-" in M" x (0, 00) , , 

^ ^ 0.1 
M X, =uo in M" ^ ' 
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for any n > 1 where u > is a constant. Equation (0.1) arises in many physical mod- 
els. When z/ = 2, (0.1) appears in the modelling of Micro-electromechanical systems 
(MEMS) which has many applications such as accelerometers for airbag deployment 
in cars, Inkjet printer heads, and the device for the protection of hard disk, etc. Inter- 
ested readers can read the book. Modeling MEMS and NEMS [15], by J. A. Pelesko 
and D.H. Berstein for the mathematical modeling and various applications of MEMS 
devices. 

Recently there are a lot of research on (0.1) by N. Ghoussoub, Y. Guo, Z. Pan 
and M.J. Ward [3], [1], [5], N.I. Kavallaris, T. Miyasita and T. Suzuki [11], F. Lin and 
Y. Yang [13], L. Ma, Z. Guo and J. Wei [Z|, [S], etc. on the various properties of 
the solutions of the equation. Note that the stationary solution of (0.1) is 



Au 



u 



m 



(0.2) 



is studied extensively in [6]. An equation similar to (0.2) arising from the motion of 
thin films of viscous fluid is also studied by H. Jiang and W.M. Ni in [10) . 

In [6] Z. Guo and J. Wei constructed solutions of (0.1) using a fixed point argu- 
ment. Then by carefully studying the properties of the solutions of (0.2) Z. Guo and 
J. Wei [6] proved that if z/ > 0, tt, > 3, 



Mo e Clb{ 



--{(h e C(W) : inf > and 3a < 0, A > and M > such that 
0(a;) < A|a;|" V|a;| > M} 



and 



Mo > 7 



u+1 



n-2 



Z/+1 



1+" _2_ 

\x\ 1+" 



for some constant 7 > 1, then (0.1) has a unique global solution u satisfying 



u{x, t) > 'J 



n-2 + 



Z/+ 1 



\X \ 1+'^ 



and 



They also used a contradiction argument to prove the finite extinction property of 
the solution of (0.1) when n > 3 and the initial value uq is bounded above by the 
supersolution of (0.2). 

In this paper by approximating the solution of (0.1) by solutions of (0.1) in 
bounded domains we prove that for any > 1 if the initial value uq satisfies 



Ai{l + \x\^ f' < Mo < ^2(1 + kl 
for some constants 1/(1 + i^) < ai < 1, ^2 > 02, > 0, A2 > Ai where 

Ai = [2ai(l - e){n + 2ai - 2)]'^ 



l2\a2 



m 



(0.3) 



(0.4) 
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for some constant < e < 1, then 



Ai{l + |xp + 6it)"^ < u{x, t) < ^2(1 + \x\^ + M)"' (0.5) 
in M" X (0, 00) where 



and 



61 =2(n + 2ai-2)£ (0.6) 

2n if 1/(1 + u)<a,<l 

2in + 2^2 - 2) if a2 > 1. 



Finite time extinction of solutions of (0.1) when the initial value Uq is bounded above 
by the supersolution of (0.2) has been proved in [B]. However there is no estimate for 
the extinction rate and extinction time of the solution in p. In this paper we will 
prove the extinction rate and find an explicit upper bound for the extinction time of 
the solutions of (0.1) when uq G C(]R"'), n > 1, satisfies either 

< no < A(Ti + l^n^ Va;GM" (0.8) 

for some constants 

1 

Ti > and < A < f ^— j , (0.9) 

or 

< Mo G C(M") nL~(R"). 

We also find various other conditions on the initial value for the solution of (0.1) to 
extinct in a finite time and prove the corresponding extinction rate. 

The plan of the paper is as follows. In section 1 we will construct the solution of 
(0.1) by approximating the solution of (0.1) by solutions of (0.1) in bounded domains. 
We will construct explicit supersolutions and subsolutions of (0.1) and use them to 
prove that the solutions in bounded domain have the bounds we want. Then by 
an approximation argument the global solution will have the same upper and lower 
bounds. In section 2 we will prove the extinction rate and extinction time of solutions 
of (0.1) under various conditions on the initial value. 

We start will some definitions. For any i? > 0, T > 0, let = {a; G M" : |a;| < 
i?}, Ql = BrX (0,T) and Qr = BrX (0,oo). For any / G C^OBr x (0,T)) n 
L°^{Br X (0,T)) we say that < m G C{\Q,T]- L'^{Br)) n L°°(Q]J) is a continuous 
weak solution (subsolution, supersolution respectively) of 

- in Ql 

ondBRx(0,T) (0.10) 
in Br 




3 



if u satisfies the integral identity 



f [ (urit + uAri — u "rf) dxdt — j j da dt + f urj dx 



t=t2 



t=ti 



(>,< respectively) for any < ti < t2 < T, r] e C°°((5^) such that 77 = on 
dBji X [0,T] where 8/ ON is the exterior normal derivative on SBr x (0,T). 

We say that -u is a solution (subsolution, supersolution respectively) of (0.10) if 
< M e (^^'^(<3r) n C(Br x (0,T)) satisfies (<, > respectively) 

ut^/^u- u-" (0.11) 

in in the classical sense with u — f {< f,> f respectively) on dBji x (0, T) and 

lim / \u — Unl dx = 0. 

We say that m is a solution (subsolution, supersolution respectively) of (0.1) in M" x 

(0,T) if M G C2.i(M" X (0,T)) satisfies (0.11) (<, > respectively) in W x (0,T) in the 
classical sense, u{-,t) converges to Uq in Lj^^{W^) as t ^ 0, and for any < 6 < T 
there exist constants Ci = Ci{S,T) > 0, C2 = 6*2(5, T) > 0, such that 

Ci{l + \x\Y^ < Mx, t) < Cae^^l^l' in W x{0,T-S). 

We say that m is a solution (subsolution, supersolution respectively) of (0.1) in x 
(0,cx)) if M G C^'\W X (0,00)) is a solution of (0.1) in E" x (0,r) (subsolution, 
supersolution respectively) for any T > 0. 

Let GR{x,y,t), x,y E Br, t > 0, be the Dirichlet Green function of the heat 
equation in Qr. That is for any y e Br, 

dtGR = A^Gr in Qr 
Gr{x, y,t) = Vx e OBr, t > 
lini GR{x,y,t) = 6y 

where 5y is the delta mass at By the maximum principle, 

< Gr{x, y, t) < -l-e-l--^l'/^* Vx, y e BR,t > 0. 

(47r) 2 

For any X C i?" X (0, 00), < /? < 1, let 

C''\K) ^{f:f, ft, U, U,., e C(K) = 1, 2, . . . , n} 

and let C^+P'^-^Wm(K) denote the class of all functions / G C^'^K) such that 

\f..,.M^t[) - /.,,.,(4,t'2)l < c{\x[ - x',f + 14 - t'lf')} v(x;,t;), (x'^q g k 
l/,(x;, 4) - /,(4, 4)1 <c(K- 41^ + 14 v{x[,t[),{x'„t',)eK 

holds for some constant C > and any i, j — 1,2, ■ ■ ■ ,n. 
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1 Existence and growth rate of global solutions 



In this section we will construct explicit supersolutions and subsolutions of (0.1). We 
will also give a different proof of the existence of global solutions of (0.1) and prove 
the growth rate estimates of the global solutions of (0.1). 

We first observe that by an argument similar to the proof of Theorem 1.1 of [9] 
(cf. Lemma 2.3 of [1]) we have the following theorem. 

Lemma 1.1. Let Mo,i,%,2 £ L^{Br) be such that < Uo,i < Uo,2 o,.e. on Br. Let 
/i,/2 e C(a5jjx(0,T))nL°°(a5Bx(0,T)) he such thatO< /i < '/s ondBRx{0,T). 
Let ui, U2, he continuous weak suhsolution and supersolution of (0.10) with initial 
value uq = 'Uo,i,'Uo,2, and f = /i,/2 respectively. Suppose there exists a constant 
S > such that ui > 6 and U2 > S on Q^. Then 

ui{x,t) <U2ix,t) \/x gBr^O <t <T. 

Lemma 1.2. Let u > 0, uo E C(Br) and f e C{dBR x (0, Ti)) n L°°(95ij x (0,r)). 
Suppose 5 = min(min;g^ mq, infa5^x(o,Ti) /) > 0. Then there exists a constant < 
T < Ti such that (0.10) has a unique solution u which satisfies 

-<u<wr yx e Br,o <t <t (1.1) 



and 



OGr^ 



u{x,t) = GR{x,y,t)uo{y)dy - / ——{x,y,t-s)f{y,s)da{y)ds 

'Br Jo JdBR oi^y 

[ GRix,y,t~s)u{y,s)-''dyds WxeBR,0<t<T (1.2) 
Jbr 

where d/dNy is the exterior normal derivative on OBr x (0, T) and wr is the solution 
of prohlem 

wt =Aw in Qr 

w=f on OBr x{0,oo) (1.3) 
w{x, 0) =Uo in Br 

Proof. Since uniqueness of solution of (0.10) follows directly by Lemma 1.1, we only 
need to prove existence of solution of (0.10). Let ui{x,t) = 6. For any k >2, let 

Uk{x,t) = [ GR{x,y,t)uo{y)dy- [ [ ^^{x,y,t - s)f{y,s) da{y) ds 

J Br Jo JdBR C^^y 

/ GR{x,y,t - s)uk-i{y,s)~'' dyds. (1.4) 
Jbr 
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Note that by standard parabolic theory |12] the solution of (1.3) is given by 



WR{x,t)= I Gnix,y,t)uoiy)dy- I I ^^{x,y,t - s)f{y, s) da{y) ds. (1.5) 



Br Jo Jobr 9Ny 

Then by (1.4) and (1.5), 

Uk{x,t) <WR{x,t) ^\x\ < R,0 <t <Ti,k>2. (1.6) 



By the maximum principle, 

wr>5 in Q'^ . 

Let 

T = mm{n/2,{5/2Y+n- (1-7) 

Then by (1.4) V(x,t) Gg|, 

U2{x,t)>S-{S/2)-'' [ [ G{x,y,t-s)dyds>S~{S/2)-''t>S/2. 

Jo Jbb 



'0 jbr 

Suppose Uk{x,t) > 5/2 for any (x,t) G Q^J for some k > 2. Then by (1.4) for any 



{x,t)eQj 



Uk+i{x,t)>6-{6/2)-'' [ [ G{x,y,t- s)dyds>5 ~ {5/2)-H>5/2. 

Jo J Br 

Hence by induction 

Uk{x,t)>5/2 V(x,t) G Q5,A; G Z+. (1.8) 
We now divide the proof into two cases. 

Case 1 : uq G C°°(Br) and / G C^^OBr x [0,Ti]) with m(x,0) = /(x,0) on OBr. 

By (1.4), (1.6), (1.8) and the parabolic Schauder estimates [12], the sequence 
{uk}'^^i are uniformly Holder continuous on Q^. Then by the parabolic Schauder 
estimates ([2], [12]) the sequence {uk}'^^i are uniformly bounded in C'^+P^^+'yP/'^) i^K) 
for any compact subset K C Br x (0,T] where < /? < 1 is some constant. By 
the Ascoli theorem and a diagonalization argument {uk\'^^i has a subsequence which 
we may assume without loss of generality to be the sequence itself which converges 
uniformly in C'2+/3.i+(/3/2)(/^) to some function u G C(QJ) n C'^+P^^+^'^/^\K) for any 
compact subset K C Br x (0,T] as A; — > cxd. Letting k oo m. (1.4), (1.6) and (1.8), 
we get (1.1) and (1.2). By (1.4) satisfies 

Mfc,t =A?ifc - in Q]J 

Uk=f onaSfiX(0,T) (1.9) 

Mfc(a;, 0) =Mo on 



Letting A; ^ oo in (1.9), u satisfies (0.10). 
Case 2 : uq E C(Br) and / G C{dBR x [0,Ti]). 

Let T be given by (1.7) and let ui = 6. For any k > 2, let 



Uk{x,t)=5l GR{x,y,t)dy - 5 I I ^^{x,y,t - s) da{y) ds 



Br Jo JdBu 9Ny 

/ GR{x,y,t - s)uk-i{y,s)~'' dyds 
JBr 



5-1 / GR{x,y,t - s)uk-i{y,s) "dyds. (1.10) 

Jo JBr 



Then 



Uk{x,t)<5 inQ^^ VA;GZ+. (1.11) 



'R 

By the same argument as before 

Uk{x,t)>5/2 inQ^ VA; G Z+. (1.12) 

Hence by case 1 Uk has a subsequence which we may assume without loss of generality 
to be the sequence itself that converges uniformly in C'^+P^^+^fi/'^)(^K) to some function 
u G C(Q5) n C'2+/3'i+(/5/2)(/s:) for any compact subset K cBrX (0,T] as ^ oo. 
Moreover -u is a solution of (0.10) with uo and / being replaced by S and satisfies 

5/2<u{x,t) <5 inQl. (1.13) 

Now since ui = ui in Q]^, by (1.4) and (1.10), U2 < U2 in Q^. Suppose 

Uk < Uk in Q^. (1-14) 

for some k > 2. Then by (1.4), (1.10) and (1.14) we get that (1.14) holds with k 
replaced by A; + 1. Hence by induction (1.14) holds for all k G Z+. Since Uk converge 
uniformly to u on Qj^ as A; — oo, by (1.6) and (1.14) and the parabolic Schauder 
estimates ([2], [12]) the sequence {uk}'^=i are uniformly bounded in C'^+i^''^+(i^/'^) (^K) 
for any compact subset K C Br x (0,T] where < /3 < 1 is some constant. By 
the Ascoli theorem and a diagonalization argument {uk}'^=i has a subsequence which 
we may assume without loss of generality to be the sequence itself which converges 
uniformly in C'2+/3,i+{/3/2)^;^) ^^^^ function u G C{Ql) f] C^+f^'^+^f^/^^K) for any 
compact subset K C Br x (0,T] as A; — > oo. 

By (1.4) Uk satisfies (1.9). Letting A; ^ oo in (1.4) and (1.9) u satisfies (1.2) and 
(0.11) in Q^. Then by (1.2) u G C(Br x (0,T)). Since the last two terms of (1.2) 
vanish as t ^ and the first term on the right hand side is the solution of (1.3) with 
/ = which converges to Uq in L^{Br) as t 0, u converges to Uq in L^{Br) as 
t ^ 0. Hence u is the solution of (0.10). Letting A; — > cxd in (1.6) and (1.14), by (1.13) 
we get (1.1) and the lemma follows. □ 
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Theorem 1.3. Let u > 0. a2> ai> + and let 

I 



[2q;i(1 -£)n]"i+^ if ai > 1 



for some constant < £ < 1. Suppose Uq satisfies (0.3). Let f e C{dBji x [0, oo)) he 
such that 

Ai(l + \x\^ + hit)"^ <f< ^2(1 + kl^ + M)"' on X [0, 00) 

where 

^ ^ r2(n + 2ai-2)£ if 1/(1 + ly) < a, < 1 
^ \2en ifai > 1 ^ ' ^ 

and 62 ^5 by (0.7). Then there exists a unique solution u of (0.10) in Qr which 

satisfies (1.2) and (0.5) in Qr. 

Proof Let ipi = Ai[l + \x\^ + bit)""' for i = 1, 2. By direct computation, Vi — 1, 2, 
Ajjji = 2aiAJn + 2ai-2 + 2(1 - ai)j^-^r^^\{l + + M)"^"' (1-17) 



Since 



^ ^^^l + \x\'^ + bit - \2{l-ai) ifQ;i>l, 



by (1.17), 

J 2aiAi(n + 2ai -2)(1 + |a;|2 + 6it)"^~^ if 1/(1 + z/) < cti < 1 
I 2ain^i(l + + 6it)"^-^ if ai > 1. 

Hence for 1/(1 + i^) < ai < 1, 

>2Q;iAi(n + 2ai - 2)(1 + + M)"'~^ - ^r(l + + bity^'" 

-q;iMi(1 + k|^ + M)"'~^ 
>Ap(l + |xp + 6ii)-"i'^{Q;i(2(n + 2q;i - 2) - bi)Al+''{l + \xf + 6it)"i(^+^)-^ - 1} 
>^r'^(l + + bit)-'''''{ai{2{n + 2ai - 2) - 61)^^+'^ - 1} (1.18) 

and for ai > 1, 

>2ainAi(l + + bit)'''-^ - A^''{1 + \x\'^ + bity^'" 

-ai6iAi(l + |,Tp + 6it)"i-^ 
>Ar'^(l + |xp + 6it)-"i'^{ai(2n - bi)A\+''{l + jxp + 6ii)°i(^+'^)-^ - 1} 
>^r"(l + kr + M)""'"{ai(2n - 61)^}+" - 1}. (1.19) 
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By (1.15) and (1.16) the right hand side of (1.18) and (1.19) is > 0. Hence 



AV'i -^Pi" > ipi,t in Qr. 



Since 



2(1 -as) 



1 + \x\^ + b2t 



1 + M 



< 



2(1 - as) if 1/(1 + z^) < a2 < 1 
if as > 1, 



by (1.17), 



A4j2 < 



2a2nA2il + \x\^ + b2tr'-' 
2a2A2{n + 2ai - 2)(1 + \x\^ + M) 



if 1/(1 + z/) < as < 1 
if as > 1. 



By (0.7) for 1/(1 + z/) < as < 1, 

Az/'s - i'2'' - ^2,t 
<2asnAs(l + \x\^ + 6st)"'"' - A""(l + \x\^ + M)""'" 

-as6s^2(l + |x|' + M)"'^' 
<A^''{1 + |xp + b2t)-"'"'{a2{2n - 6s)^2^''(l + \x\^ + M)"'^^+''^"^ - 1} 
<0 in Qr 

and for ai > 1, 

AV's - i'2'' - i'2,t 
<2a2As(n + 2a2 - 2)(1 + \x\^ + 62^)"'"' - A^^il + \x\^ + M)""'" 
-a26sA2(l + |a;|' + 6st)"'^' 
^(1 + + 6st)"°'''{«2(2(n + 2as - 2) - 62)^2^''(1 + \x\^ + M)°'^^+''^~^ - 1} 
<0 in Qr. 

By Lemma 1.2 there exists a constant T > such that there exists a unique solution 
u of (0.10) in Q^ which satisfies (1.1) and (1.2) in Q^ with S = Ai. Let Ti > T 
be the maximal existence time of a unique solution of u of (0.10) in Q^ ■ Suppose 
Ti < 00. For any < 6 < Ti/2 since u G C{Br x [Ti/2, Ti — 5]) is a classical solution 
of (0.11), min;g^x[Ti/2,Ti-(5] ^ > 0. Hence by (1.2) inf n-s U > 0. Since ipi and ip2 are 

subsolution and supersolution of (0.10), by Lemma 1.1 (0.5) holds in Q'^~^ for any 
< 5 < Ti/2. Hence (0.5) holds in 

Then by (0.5) and the parabolic Schauder estimates [12] u can be extended to a 
continuous function on Br x [Ti/2,Ti]. Then by Lemma 1.2 there exists a constant 
T3 > such that there exists a solution u(x, t) of (0.10) in Q^^ with uo = M(a;, Ti) and 
/ being replaced by /(x, Ti + 1). We extend m to a function on Br X (0, Ti + T3) by 
setting m(x, t) = m(x, Ti + 1) for any |x| < i?, Ti < t < Ti + T3. Then m is a solution 
of (0.10) in Q^'^'^^. This contradicts the maximality of Ti. Hence Ti = 00. By the 



9 




previous argument u satisfies (0.5) in Qr. Let v be given by the right hand side of 
(1.2). Then v satisfies 

in Qr 

on OBr X (0, oo) 
in Br. 

Hence the function w = u — v satisfies 

wt =Aw in Qr 
w =0 on OBr X (0, oo) 
w{x, 0) =0 in Br. 

By the maximum principle w = in Qr. Hence u = v in Qr. Thus u satisfies (1.2) 
and the theorem follows. □ 

We next recall a comparison result of |16j . 
Lemma 1.4. (Lemma 1.3 of [TSf) Suppose u and u are supersolution and suhsolution 

ut = Au + f{u) in M" X (0, T) 
u{x, 0) = Mo in M" 

for some function uq G C{W) and f G C{R) such that u-u > -5e^l^l' in W x (0, T) 
for some constants B > and P > 0. Suppose f(u) — f{u) > g(x, t){u — u) for some 
function g G C;"f/^(M" x (0,T)), 0<a<l, and g{x,t) < ^(1 + jxp) on x (0,T) 
for some constant C > 0. Then u > u on R" x (0, T). 

Theorem 1.5. Let u > 0, 1/(1 + z/) < ai < a2, ai < 1 and > Ai where Ai is 
given by (0.4) for some constant < e < 1. Suppose uq satisfies (0.3). Then there 
exists a unique solution u of (0.1) which satisfies 

u{x,t) = / — — -^e 4t uo[y)dy- / / — — — ^(*-'''> u[y, s) dyds 



in (Ant) 2 Jq Jf,„ (47r(t - s)) 2 

(1.20) 

and (0.5) in R" x (0, 00) where hi and 62 o^^e given by (0.6) and (0.7). 

Proof. By Theorem 1.3 for any k G there exists a unique solution Uk of (0.10) 
with f = Ai{l + |xp + bit)"^ in Qk which satisfies (0.5) and 

Uk{x,t) = Gk{x,y,t)uo{y)dy - / Gk{x,y,t - s)uk{y, s)'" dy ds 
jbr Jo JBk 

-^1/ / j^{x,y,t-s){l + \y\' + bisr'da{y)ds. (1.21) 
Jo JdB. oNy 
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in Qk- By (0.5) and the parabolic Schauder estimates [12] the sequence {uk}'^=i is 
uniformly bounded in C*^+^'^+(^/^)(i^') for any compact subset i^' C M" x (0, oo) where 
< /5 < 1 is some constant. By the Ascoli theorem and a diagonalization argument 
{■Ufcjfcli has a subsequence which we may assume without loss of generality to be 
the sequence itself which converges uniformly in C'^+P'^+'yPI'^){^K) to some function 
u e C2'i(R" X (0, oo)) as A; ^ oo. Then u satisfies (0.11) in M" x (0, oo). 

Putting u = Uk ui (0.5) and letting A; — oo we get that u satisfies (0.5) in 
M" X (0,oo). Since Gk{x,y,t) increases monotonically to (47rt)^"/^e~'^~^' as A; — > 
oo, the first two terms on the right hand side of (1.21) converges to 



n (AlTt) 



1 _ \^-y\' 
— p it 



Uo{y) dy 



(Mt-s)) 



■^e ^^^-''^ u{y, s)'" dy ds 



as k ^ oo. By Lemma 1.3 of [8j for any T > there exists constants Ci > 0, Ci > 
such that 



OK 



{x,y,t 



<Ci- 



\x\ 



-ci 



\x-y\ 



n + 2 
2 



V|x| < k, \y\ 



k,0 < s <t <T,k>l 
(1.22) 



(t-s) 

Let ko > 1. Then by (1.22) for any \x\ < ko, k > 2ko, \y\ = k, < s < t < T 



[x,y,t 



<Ci 

<C2 
<C2 



k 


— \x\ 


\x - 




k 


— \x\ 


\x - 





2{t-s) 



2{t-3) 



\X 



1^ \ 2 



{t-s) 



cj \x-y\ 
2(t~s) 



k 



{k- |x|)"+2 



for some constant C2 > 0. Hence 
lo J\y\=k dNy 



x,y,t — s){l + \y\'^ + bis)"^ da{y) ds 



{k-\x\)k-'' 
— s>0 as A; — > 00 



2\ai 



:i.23) 



for any \x\ < kQ,0 < t < T. Since A;o > 1 and T > are arbitrary, (1.23) holds for 
any x G and t > 0. Hence letting A; — 00 in (1.21) we get (1.20). 

By (0.5) the second term on the right hand side of (1.20) converges uniformly to 
as t — s> 0. Since the first term on the right hand side of (1.20) is the solution of 
the heat equation in R" x (0, 00), this term converges in Lj^^iM"-) to Uq as t ^ 0. 
Hence by (1.20) u{-,t) converges in Lj^^iM."-) to Mq as t — > 0. Thus -u is a solution of 
(0.1). Suppose there exists another solution v of (0.1) which satisfies (0.5) and (1.20) 
in M" X (0, 00). By the mean value theorem. 



u 
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for some ^ = C,{x,t) between u{x,t) and v{x,t). Then by (0.5), 

^-(1+^^) < c{i + \x\^ + <C Wxe R", t > 0, 

for some constant C > 0. Henc by Lemma 1.4 u = v on M" x (0, oo). Thus the 
solutfon u of (0.1) is unique. □ 

By Lemma 1.2, Lemma 1.4 and an argument similar to the proof of Theorem 1.5 
we obtain the folfowing extension of the focal existence theorem of (0.1) (cf. Theorem 
3.3 of [6J) proved in [6]. 

Theorem 1.6. Let u > 0. Suppose uq G C(M"') satisfies 6 = inf^n uq > and there 
exists constants Ci > and C2 > such that 

uo{x) < Cie^^l"!' m M". 

Then there exists a constant T > such that there exists a unique solution u of (0.1) 
in M" X (0,t) which satisfies (1.20) m M" x (0, 00). If uq < C^{1 + \x\'^Y in R" for 
some constants C3 > and a > l/(l + z/), then T > (6/2)^'^^^ such that when T < 00 
we have limf/r inf^n «(-, t) = 0. 



2 Extinction properties of solution 

In this section we will establish various conditions on the initial value uq for the 
solutions of (0.1) to extinct in a finite time. We will give upper bound estimates for 
the extinction time and find the extinction rate of the solutions of (0.1). 

Theorem 2.1. LetO <1, 

0<(3< 

Let Uq G C(M"') satisfies 

0<uo< AsT^il + Ixp)-^ 

for some constant 

[1 + u)^ ifO<p< min((n - 2)/2, 1/(1 + u)) 

if{n-2)/2<p< 1/(1 + 



A. = / 1 + ^ \Th (2.11 



1 + 2/3(1 + iy){2l3 + 2 - n)T ^ 
Suppose u is a solution of (0.1). Then 

t) < As{T -t)Th{l + \x\'^y^ Vx G R",0 < t < T. (2.2) 



U(X, 
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Proof. Suppose M is a solution of (0.1). Let ■j/'3(a;, t) = y43(T — t) 1+" (1 + |a;p) ^. Then 
Uq < ^3(2;, 0) on W^. By direct computation, 

A^s = A^iT - i)^ [2/3(2/3 + 2 - n)(l + l^l^)"^-^ - 4/3(/3 + 1)(1 + \x\yf-^] 

and 

^3, = -^(T-trT^(i + ixn-^. 

Hence 

=A3(T - t)TTi^(l + Ixl^yf^-^ (2p{2(3 + 2 - n)(l + |a;n - 4/3(/3 + 1) 



_^_,(i^m!:^ 1 (i+NY 

^ T-i 1 + 1/ T-i 

<A3(r - 1^7(1 + IrrH-'^-^ ("2/3(2/3 + 2 - n)(l + - 4/3(/3 + 1) 



(1 +1x12)2 / 1 



By (2.1) if < /3 < min((n- 2)/2, l/(l + i/)), then the right hand side of (2.3) is < 0. 
If (n-2)/2 < /3 < 1/(1 + 1^), let 



e — 



l + 2/3(l + i/)(2/3 + 2 -n)r 

Then by (2.1), 

1 / 1 — e \ 1+^ 

A3 = (£(l + l/))T+^ 

Hence 

1 



1 + 1/ 

and 



2/3(2/3 + 2 - n)r^ 

A-'^-'e (2.4) 



2/3(2/3 + 2 -n)=A3-'^-ii^. (2.5) 

By (2.4) and (2.5) when (n - 2)/2 < /3 < 1/(1 + z/), the right side of (2.3) is < 0. 
Hence ijj^ is a supersolution of (0.1). Then by Lemma 1.4, 

inW X (0,T) 

and (2.2) follows. □ 
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Theorem 2.2. Let u > 0, < uo e C(M") n L°°(M"), and T = ||Mo|lit''(Kn)/(l + i^)- 
Suppose u is a solution of (0.1). Then 

u{x,t) <{l + v)^{T -t)^ VxeR",0<t<r. (2.6) 

Proof. Let il^i^x.t) = {I + u)^^ {T - t)^ . Then uq < iji{x, 0) on R" and 

- V'J" - V'4,t = in M" X (0, T) . 

Hence by Lemma 1.4, 

in R" X (0,r) 

and (2.6) follows. □ 

Theorem 2.3. Let u > and let < Uq E C(]R") satisfies (0.8) for some constants 
Ti > and A > Q satisfying (0.9). Let u he a solution of (0.1). Then there exist 
constants T > and b > such that 

u{x,t) <A{b{T -t) + \x\^)^ inWx{Q,T). (2.7) 

Hence u vanishes at x — at time t — T. 

Proof. Let 

^ = ^ - 2^ (2-8) 

and T = Ti/h. By (0.9) 6 > 0. Let i^z{x,t) = A{h{T - t) + \x\'^)^ . Suppose w is a 
solution of (0.1). By (0.8) 

Mo<V'5(x,0) onM*". (2.9) 

By direct computation, 

< ^^(|a;|' + 6(T-t))-TT^ in M" x (0,T). 

Hence by (2.8), 

<^(|a;|2 + h{T - t)y^ - A-'^dxf + b{T - t))-^^ + j^(kr + h{T - t))-^ 
<0 inR''x(0,T). (2.10) 
By (2.9), (2.10) and Lemma 1.4, 

on R" X (0, T) 

and (2.8) follows. □ 



14 



References 



[1] B.E.J. Dahlberg and C. Kenig, Non-negative solutions of generalized porous 
medium equations, Revista Matematica Iberoamericana, 2, (1986), 267-305. 

[2] A. Friedman, Partial differential equations of parabolic type, (1964), Prentice- 
Hall, Inc., Englewood Cliffs, N.J., U.S.A. 

[3] N. Ghoussoub and Y.J. Guo, On the partial differential equations of electrostatic 
MEMS devices: stationary case, SI AM J. Math. Anal, 38, no. 5, (2007), 1423- 
1449. 

[4] N. Ghoussoub and Y.J. Guo, On the partial differential equations of electrostatic 
MEMS devices II: dynamic case, NoDEA Differential Equations Appl., 15, no. 
1-2, (2008), 115-145. 

[5] Y.J. Guo, Z.G. Pan and Michael J. Ward, Touchdown and Pull-in Voltage Be- 
havior of a MEMS Device with Varying Dielectric Properties, SIAM J. Appl. 
Math., 66, no. 1, (2005), 309-338. 

[6] Z. Guo and J. Wei, On the Cauchy problem for a reaction- diffusion equation with 
a singular nonlinearity, J. Diff. Eqns, 240, (2007), 279-323. 

[7] Z. Guo and J. Wei, On a fourthorder nonlinear elliptic equation with negative 
exponent, preprint. 

[8] K.M. Hui, A Fatou theorem for the solution of the heat equation at the corner 
points of a cylinder. Trans. Amer. Math. Soc, 333, no. 2, (1992), 607-642. 

[9] K.M. Hui, Global and touchdown behaviour of the generalized MEMS device equa- 
tion, http://arxiv.org/abs/0808.0110, 

[10] H. Jiang and W.M. Ni, On steady states of van der Waals force driven thin film 
equations. Euro. J. Applied Mathematics, 18, (2007), 153-180. 

[11] N.I. Kavallaris, T. Miyasita and T. ^\xz\}ki. Touchdown and related problems in 
electrostatic MEMS device equation, preprint. 

[12] O.A. Ladyzenskaya, V.A. Solonnikov, and N.N. Uraltceva, Linear and quasilin- 
ear equations of parabolic type, Transl. Math. Mono. Vol 23, Amer. Math. Soc, 
Providence, R.I., U.S.A. (1968). 

[13] F. Lin and Y. Yang, Nonlinear non-local elliptic equation modelling electrostatic 
actuation, Proc. Royal Soc. London, Ser. A, 463, (2007), 1323-1337. 

[14] L. Ma and J.C. Wei, Properties of postive solutions to an elliptic equation with 
negative exponent, J. Functional Analysis 254, (2008), 1058-1087. 



15 



[15] J. A. Pelesko and D.H. Bernstein, Modeling MEMS and NEMS, Chapman Hall 
and CRC Press, (2002). 

[16] X. Wang, On the Cauchy problem for reaction- diffusion equations, Trans. Amer. 
Math. Soc, 337, no. 2, (1993), 549-590. 



16 



